Abstract-In this paper, motivated by questions in fault tolerance, we investigate the existence of a compensator which simultaneously renders a given r-tuple of plants internally stable. Sufficient conditions are derived for simultaneous pole-assignability of the generic r-tuple by dynamic output feedback, which are also shown to be necessary (and equivalent to generic stabilizability) in the case where the number of either input or output channels is one. We also derive an upper bound on the order of a simultaneous pole-assigning compensator. If r = l, this reduces to the condition derived by Brasch and Pearson, while if r = 2, this contains the recent theorem by Vidyasagar and Viswanadham. The cases r > 3 are new.
(see [3] for the strictly proper case). In [14] Saeks and Murray used the techniques of fractional representations [8] and the corre spondence mentioned above to give explicit inequalities defining the open set U c Rat(A?1)xRat(Ai2) of pairs (G,(.s),G 2 (,s)) which are simultaneously stabilizable. In [20] Vidyasagar and Viswanadham showed, using similar techniques, that, provided max(m, p) > 1, the open set U of pairs (G x (s), G 2 (s)) 9 which can be stabilized, is in fact dense.
This can be made precise by topologizing a point G^s) in the set is an (,i(m + /?)+m/?)-manifold (see [7] , [12] , [5] ), although this is not important here. What is important is that p is a topological space. One of our main results concerns the generic stabilizabil ity problem, that is: Question 1.1. Fix m, /?, r, and n r Is the set U of r-tuples G x (s),---,Gr(5), which can be simultaneously stabilized, open and dense in Σ£ p X · · · Χ Σ% ρ Ί 0018-9472/83/0700-0533S01.00 ©1983 IEEE It is also important to ask, for reasons of global robust ness of algorithms finding such a compensator, for com pensators with a fixed degree of complexity. In the case r = 1, it is unknown whether generic stabiliz ability implies generic pole assignability; that is, whether or not these properties of m, n, and ρ are really different (see [4] ). Perhaps not surprisingly then, Theorem 1.1 follows in the strictly proper case from Theorem 1.2. A sufficient condition for generic simulta neous pole assignability of an r-tuple of strictly proper plants is (1.1) , where the compensator K(s) can be taken to be of degree q satisfying (1.2).
Here, simultaneous pole assignability means the assign ability of r sets of self-conjugate sets of numbers {s Xi ,-· ·, i n . +i)/ }cC. In fact, sharper bounds on q can be obtained (see [18] , [11] ). Our proof relies on the recent pole-place ment techniques derived for r = 1 by Stevens in his thesis [18] , which contains an improvement on existing results in the literature (see also [9] , [17] ). We have stated Theorem 1.2 only in the strictly proper case; the proper case involves more technical arguments from algebraic geometry which can be found in [11] . Indeed there we show that a sufficient condition for generic simultaneous pole assignability is ( Moreover, in this case, we know an upper bound on the order of the required compensator. For example, if m = ρ = 2, r = 2, then q can be taken to satisfy
On the other hand, in [20] the explicit conditions defining the closed set
of pairs not simultaneously stabilizable were derived. Such conditions can be derived from our proof, but instead we refer to [10] , where Theorem 1.1 (excepting (1.2)) is proved by interpolation methods also yielding a set of explicit conditions in the range r < max(m, p). Finally, we prove that the condition (1.1) is sharp in the following sense: Theorem 1.5. If min(m,/?) = l, then for fixed m, /?, r, and n t the following statements are equivalent for proper plants.
is simulta neously stabilizable in discrete or continuous time by a compensator of degree < q.
is simulta neously stabilizable in discrete or continuous time.
In the strictly proper case, it follows that (i)-(iii) is also equivalent to generic simultaneous pole assignability. This holds in the proper case as well, in case we ask for generic simultaneous pole assignability of all but a proper alge braic subset of poles, but requires a separate argument [11] . Corollary 1.6. If min(w, p) = 1 and r < max(w, p\ then the generic r-tuple is simultaneously stabilizable by a com pensator of order precisely given by the least integer q satisfying (1.2).
As a further corollary, we obtain one of the results obtained by Saeks and Murray in [14] (see also [15] ): Corollary 1.7. (Saeks-Murray [14] ). Suppose m = p = \ and r = 2. Simultaneous stabilizability is not a generic property.
We remark that these results hold also over the field C of complex numbers-in particular, the complex analogue of Corollary 1.7 dispels a folklore conjecture concerning simultaneous stabilization using compensators with com plex coefficients.
Finally In this section we proceed to prove Theorem 1.2. Note that Theorem 1.1 and Corollaries 1.3 and 1.4 follow im mediately in the strictly proper case from this theorem. Without any loss of generality we can assume that m ^ p,
Suppose, first of all, that ρ = 1, so that we are given a set of r, m input 1 output plants of Mcmillan We now state the following: Lemma 2.1. The generalized Sylvestor matrix is of full rank for a generic r-tuple of proper m-input-1-output plants.
Note: For simplicity, we prove this lemma for the re stricted case n x; = η Vz. The proof of the more general case has been sketched in [11] wherein we have explicitly con structed a principal minor of 5, the generalized Sylvestor matrix which has nonzero determinant for a generic r-tuple of plants. ON SYSTEMS, MAN, AND CYBERNETICS, VOL. SMC-13 and is obtained from S of (2.6) by deleting the last column of P ki Vz = 1,·· -,r and the last row of Q m+p .
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It is easy to see that when (2.12) is satisfied, the generic rank of 5 is unaltered by deleting its last row. By applying Lemma 2.1 and specializingp' kni = 0 V/, k S x may be shown to be a full rank matrix of order [(q + \)(m + p)-1]X r(n + q). Therefore, a sufficient condition for generic pole placement is given by (2.8).
Q.E.D. The proof of Theorem 1.2 now proceeds by a reduction to the case min(m,/?) = l, which has been treated in Lemmas 2.1-2.2. This procedure, which is called "vector ing down", is adopted from the case r = l, studied in Stevens' thesis [18] , and from Brasch-Pearson [2] . 2) The mapping
(g\>--,g r )>+(g'\>'--,g'r)
and its inverse, map the generic r-tuple of proper plants to the generic r-tuple of proper plants.
Q.E.D. r=\ Clearly, U is a dense set by the Baire Category Theorem [13] . Since the mapping χ given by (2.4) is linear, it has a closed image. Moreover, every r-tuple of plants in U admits a sequence of compensators which places the poles arbi trary close to the origin. Thus for generic r-tuples, U is contained in the set V of all r-tuple of plants for which there exists a compensator which places the poles at the origin. By the Tarski [19] -Seidenberg [16] theory of elimination over R, V is indeed defined by union and/or intersection of sets given by polynomial equations or in equations f a > 0, ffi = 0. Finally, since U is dense in K, ٥β(υ) = $=* /β = ^ so that V is defined by strict poly nomial inequalities. Hence V is open. Moreover, since U is dense, Fis also dense.
Q.E.D. Finally it is shown that Ε is not an empty set. For a fixed Pq = P 0 * choose the vector δ to be so that P 0 * ~ l 8 has all its entries negative. Define the nonzero columns of PJ to be δ for7 = 1,···,/! and call it P* so that (P* 9 P* 9 .-9 P n *)eE.
Q.E.D. 
